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Abstract 

We show that proposed "super-exponential" warp factors of the form e~^-^ ~ 
g-2cie'=2kt^ are not acceptable for a further reduction of the hierarchy problem because 
they lead to inconsistencies in the tachyonic braneworld models analysed. In partic- 
ular, both the finiteness of the effective 4d Planck mass and the gravity localisation 
conditions, which can be stated by the requirement that J e~'^-^^'^^da < oo, necessarily 
imply that both ci and C2 should be positive. As a consequence the tachyonic field T 
turns out to be complex in contradiction with the real nature of the starting action 
for the tachyonic braneworld. We have analysed this situation for thin as well as thick 
tachyonic braneworlds with four-dimensional Poincare symmetry, for the case when a 
bulk cosmological constant is present, and even for a brane with an induced spatially 
flat four-dimensional cosmological background, and shown that in all cases the tachyon 
field T comes out to be inconsistently complex. 
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1 Introduction 



There has recently been some interest in braneworld models, in which our universe is em- 
bedded in a spacetime with extra dimensions, as a way to solving the mass hierarchy and 
four-dimensional gravity localisation problems [H [2] . It has also become a matter of interest 
to find smooth braneworld solutions (for interesting reviews on these issues see e.g., [3]-[8]). 
Typically such solutions are obtained by introducing one or several scalar fields in the bulk 
and the large variety of scalar fields that can be used to generate these models gives rise to 
different scenarios [9]-[I7j. Several authors have chosen a tachyonic scalar field in the bulk 
and address issues like the hierarchy problem, and localization of gravity and matter fields 
[T6]-[22]. However some attempts to solve the highly non-linear field equations give rise to 
imaginary tachyon field configurations [17], [20] . 

Here we will show that attempting a further reduction of the mass hierarchy by proposing 
"super-exponential" warp functions of the form e'"^^ ~ g-2cie'=2i<'i^ leads to inconsistencies in 
the model: on the one hand, the finite character of the effective four-dimensional Planck mass 
and, on the other, the gravity localisation condition, which can be stated by the requirement 
that J e~'^^^'^^da < oo, imply that both ci and C2 should be positive. As a consequence 
the tachyonic field T turns out to be complex in contradiction with the real nature of the 
starting action of the braneworld model. We have analysed this situation for thin as well as 
thick branes with a tachyonic scalar field T in the bulk [I7]-[2n], with a bulk cosmological 
constant, and even for a four-dimensional spatially flat cosmological metric induced on the 
brane and shown that in all cases the tachyon field is inconsistently complex. 



2 The simplest model 

We start our discussion of the problem with the simplest action we will consider and later 
we extend it in several ways. The action is then given as follows 

S = j (f'x^ (^^R + V{T)^l + g^i^dMTdNT^ , (1) 

where the first term describes 5D gravity and the second corresponds to the matter in the 
bulk, in this case a real scalar tachyonic field. The coefficient K5 is given by = SnG^ 
where G5 is the five-dimensional gravitational coupling constant. The indices take the values 
M, iV = 0, 1, 2, 3, 5. The tachyon field T depends, for simplicity, only on the extra dimension 
which we denote by a while V{T) is its self-interacting potential [23] . 
The five-dimensional Einstein equations are given by 

,. rpbulk ( n\ 

MN — ^5 -^A/Af • l^J 

The energy-momentum tensor components do not depend explicitly on time and read 

nt = QAB V{T) + (VT)2 - OaT dsT, (3) 

where (VT)^ is shorthand notation for g^^^ SmTOnT . The background metric is given by 

ds^ = e-^^^''^7]^^dx^dx'' + da^ , (4) 
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corresponding to a warped 5D line element with an induced 3-brane and spatially flat back- 
ground. The function /(a) is the warp factor and we are using the (— , +, +, +, +) signature. 

The equation for tha matter field is obtained as usual by variation of the action with 
respect to the tachyon and is expressed as follows 

r"-4/T'(i + r'^) = (i + T'^)^^, (5) 

where a prime denotes derivative with respect to the extra dimension a. Using Eq. (jl]) we 
obtain the Einstein tensor components 

-2/ ( f" _o f '2 



Goo = 3e^2^(/"-2/ 
G.. = -3e-2^(/"-2/ 



00 



G,, = 6/'^ (6) 



where i labels the spatial dimensions x*. 

The Einstein equations ([2]) can be written as 



6Vl + T'2' 



In this simple case, we end up with a single brane configuration in a four-dimensional 
spatially fiat background given by Eqs. ([5]), (j7]) and ([8]). It is easy to invert these equations 
in terms of T'^ and V{T) 

= (9) 



6 f 2 / f" 



For a real potential energy we obtain 

r < 2f'\ (11) 

however a stronger condition arises from the requirement of having a real tachyonic field 

f" < 0. (12) 

For a super-exponential warp factor of the form e"^-^ ~ g-2cie'=2kl ^^leie the warp function 
is given by 

/-Cie^^H^ (13) 

both the finiteness of the effective four-dimensional Planck mass and gravity localisation 
conditions, 

e-2-«'^)da < cx), (14) 
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require Ci, C2 > 0. Thus / should be a positive definite function such that 

r ~c^/2, r~C2/(c2 + 25(a))>0, (15) 

we see that /" turns out to be positive, contrary to Eq. f lT2|) which is the condition for 
having a real tachyonic field. Thus a super-exponential warp factor is not allowed in the 
model described by Eq. ([T]) unless we have a complex tachyonic scalar field. 



3 Extending the simplest model 

We generalise and modify our starting action in several ways, initially by introducing a 
5D cosmological constant and then by introducing also a thin brane, and finally by includ- 
ing a spatially fiat cosmological background induced on the brane. The action with a 5D 
cosmological constant is given as follows 



S = jd'x^ (2^^ ViT)^l + g^^dATdBT^ 



(16) 



Einstein's Eq. ([2]) are now given by 



„ , v(T)r' 



in this case, using the — )■ symbol to denote large a and thus large / behaviour 

For an exponential function of the form given by Eq. (fT3!l the /'^ term dominates and again 
T is complex. 

We use now for the background metric the ansatz of a warped 5D line element with an 
induced 3-brane with spatially fiat cosmological background that reads 

ds^ = e-^f^"^ [-dt^ + a^{t)ri,jdx'dx^] + (i(T^ (20) 

while the Einstein equations Eq. ([2]) can be rewritten in a simple way 

r . .l^im_A.^eVr,^,^y ^^^^ 



'6Vl + r'2 6 2 \a a 

Thus, we end up with the case of a single brane configuration in a four-dimensional spatially 
fiat cosmological background given by Eqs. ([5]), ( 1211) and (l22l) . Thus, we must have a de 
Sitter four-dimensional cosmological background defined by 

a{t) = (23) 
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where an overall constant has been absorbed into a coordinate redefinition. This fact makes 
clear the role of the action of the tachyonic scalar field as a non-trivial 5D configuration 
which leads to a set up in which the ^5*4 geometry is embedded into AdS^ if A5 < [7]. It 
is easy to invert these equations in terms of T'^ and V{T), the result for T'^ is 



T'^ = - ■ 5. = (24) 

2 (/'2 + ^ _ 52 g2/) _2fe2e2/ 2' ^ ' 

where we have taken into account relations (fTSll . Again, T is a complex field, this is easier 
to see for large a as indicated by the — symbol above. 

Finally, we shall also work in conformal metric coordinate^ 

ds^ = e-^^^"') [-dt^ + a\t)7]ijdx'dx^ + dw^] , (25) 

following similar steps with the aid of (fT5|) . as before we get 

2 (/'2 + Zke-2/ _ 52) g2/ 2/'2e2/ 26^ ' ^ ^ 

where now "/" stands for derivatives with respect to w. We have explicitly written the brane 
term, which is suppressed for large w. In the large w (large -/) regime one can easily see 
the complex nature of the resultant field. 



4 Discussion and conclusions 

There has recently been some interest in using "super-exponential" warp factors to address 
the hierarchy problem in braneworld type models. As originally shown by Gogberashvili and 
by Randall and Sundrum the hierarchy problem of masses in the standard model of particles 
can be considerably ameliorated by introducing a function of the form e~^'^*^°"^ corresponding 
to a warped 5D line element with an induced 3-brane in such a way that higher scales are 
exponentially suppressed. Thus scales of the order of the Planck mass end up with values a 
few tens the electroweak scale. This is achieved by using warp functions of the type / ~ k\a\. 
A further reduction of the hierarchy is attempted by proposing super-exponential warp 
functions of the form / ~ cie'^^''^' [T7], however both the finiteness of the four-dimensional 
effective gravitational coupling constant and the gravity localisation conditions, which can be 
stated by the requirement that J e~'^^^'^^da < 00, imply that both ci and C2 should be positive. 
As a consequence the tachyonic field T turns out to be complex in contradiction with the 
real character of the starting tachyonic action that was used for solving the problem within 
this braneworld model. We have analysed this situation for thin as well as tick braneworlds 
generated by gravity and a tachyonic field T, with an additional bulk cosmo logical constant, 
and even for a spatially fiat four-dimensional cosmological metric induced on the brane and 
shown that in all cases the tachyon field is inconsistently complex. 

^This is done with the aid of the transformation da — e^^'^'^^dw. Even when this could seem to be 
a simple coordinate play, the field equations that T must obey are different for a given super-exponential 
function /. 
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